Abstract. In this paper, we introduce the Pettis integral of fuzzy mappings in Banach spaces using the Pettis integral of closed set-valued mappings. We investigate the relations between the Pettis integral, weak integral and integral of fuzzy mappings in Banach spaces and obtain some properties of the Pettis integral of fuzzy mappings in Banach spaces.
Introduction
Several types of integrals of set-valued mappings were studied by Amri and Hess [1] , Aumann [2] , Papageoriou [4] , Wu, Zhang and Wang [6] and others. Integrals of fuzzy mappings are generalizations of integrals of set-valued mappings. Kaleva [3] introduced the integral of fuzzy mappings in R n by use of the integral of set-valued mappings in R n . Xiaoping, Minghu and Ming [7] , Xiaoping, Wang and Wu [8] also introduced integrals of fuzzy mappings in Banach spaces by use of Aumann-Pettis and Aumann-Bochner integrals of setvalued mappings. Amri and Hess [1] introduced the Pettis integral of set-valued mappings whose values are closed sets in Banach spaces and established some properties of the integral.
The purpose of this paper is to study the Pettis integral of fuzzy mappings in Banach spaces. We first introduce the Pettis integral of fuzzy mappings in Banach spaces using the Pettis integral of closed set-valued mappings in Banach spaces. And then we investigate the relations between the Pettis integral, weak integral and integral of fuzzy mappings in Banach spaces which were introduced by Xiaoping, Minghu and Ming [7] and obtain some properties of the Pettis integral of fuzzy mappings in Banach spaces.
Preliminaries
Throughout this paper, (Ω, Σ, µ) denotes a complete finite measure space and (X, · ) a real separable Banach space with dual X * . We write P 0 (X) = {A : A is a nonempty subset of X},
A is bounded (closed)(convex)}, P wkc (X) = {A ∈ P 0 (X) : A is weakly compact and convex}. For A ⊆ X and x * ∈ X * , let σ(x * , A) = sup{x * (x) : x ∈ A}, the support function of A.
Let u :
. u is called a generalized fuzzy number if for each r ∈ (0, 1], [u] r ∈ P wkc (X). Let F(X) denote the set of all generalized fuzzy numbers on X.
For u, v ∈ F (X) and λ ∈ R, we define u + v and λu as follows:
For u, v ∈ F (X), we define u ≤ v as follows:
let H(A, B) denote the Hausdorff metric of A and B defined by
whenever A, B are convex sets. Note that (P wkc (X), H) is a complete metric space. The number A is defined by
Then D is a metric on F(X).
The mapping F :
Let F : Ω → P f (X). Then the following statements are equivalent [4] :
(4) (Castaing representation) there exists a sequence {f n } of measurable functions f n : Ω → X such that F (ω) = cl{f n (ω)} for all ω ∈ Ω.
Note that if F : Ω → P f (X) is measurable then F : Ω → P f (X) is scalarly measurable.
F : Ω → P f (X) is said to be weakly integrably bounded if the real-valued function |x
A measurable selector f of F is called a Pettis (resp., Bochner) integrable selector of F if f is Pettis (resp., Bochner) integrable. We denote by S wF (resp., S F ) the set of all Pettis (resp., Bochner) integrable selectors of F .
Given
where B X * is the closed unit ball of X * . A measurable set-valued mapping F : Ω → P f c (X) is said to be Pettis integrable if it satisfies the following two conditions [1] :
F dµ is called the Pettis integral
of F over A. If C is a subspace of P f c (X), we say that the set-valued mapping
Results
A mappingF : Ω → F(X) is called a fuzzy mapping in a Banach space X. In this caseF
r is a set-valued mapping for each r ∈ (0, 1].
A fuzzy mappingF : Ω → F(X) is said to be measurable ifF r : Ω → P wkc (X) is measurable for each r ∈ (0, 1]. 
λF is Pettis integrable and for each A ∈ Σ (P )
Proof.
(1) LetF : Ω → F (X) andG : Ω → F(X) be Pettis integrable and
for each r ∈ (0, 1] and x * ∈ X * . Hence we have
HenceF +G is Pettis integrable and for each A ∈ Σ (P )
(2) LetF : Ω → F(X) be Pettis integrable and
for each r ∈ (0, 1] and x * ∈ X * , using the same method as (1) we obtain that λF is Pettis integrable and for each A ∈ Σ (P ) 
for each ω ∈ Ω and x * ∈ X * . SinceF : Ω → F (X) is weakly integrably bounded, by Lebesgue dominated convergence theorem we have Remark 3.7. IfF : Ω → F (X) is weakly integrably bounded, thenF : Ω → F(X) is scalarly integrable. But the converse is not true.
We can obtain the following corollary from Theorem 3.5, Theorem 3.6 and Remark 3.7.
Corollary 3.8. LetF : Ω → F(X) be measurable and weakly integrably bounded. ThenF : Ω → F(X) is Pettis integrable if and only ifF : Ω → F(X)
is scalarly uniformly integrable.
is weakly integrably bounded.
Lemma 3.9. If F : Ω → P wkc (X) and G : Ω → P wkc (X) are integrably bounded and Pettis integrable in P wkc (X), then H(F, G) is integrable and
Proof. Since F and G are measurable, there exist Castaing representations {f n } and {g n } for F and G. Since f n and g n are measurable for all n ∈ N,
is measurable. Since F and G are integrably bounded, there exist integrable real-valued functions h 1 and h 2 such that for each ω ∈ Ω, x ≤ h 1 (ω) for all x ∈ F (ω) and x ≤ h 2 (ω) for all x ∈ G(ω). Hence we have We can obtain the following corollary from Theorem 3.12 and Theorem 3.15. 
